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1. Introduction

The construction of regular black hole solutions in supergravity has been a major research
area for many years. This effort has given a very complete understanding of the BPS black
holes and their non-extremal generalizations. However, there are many assignments of
asymptotic charges which do not correspond to regular, spherically symmetric BPS black
holes. The black holes describing such configurations are qualitatively different from their



BPS relatives. This makes them interesting, but also more complicated than the BPS
solutions. In fact, there are many simple cases where the black hole solutions have not
even been constructed. This paper seeks to fill this gap.

The shortcoming of the standard inventory of solutions can be put in context by a well-
known example. Consider the D0/D4 black hole solution with asymptotic moduli taking
canonical values. In this case the BPS black holes correspond to one sign of the D0O-brane
charge (in our conventions (¢ > 0) while the non-BPS solutions correspond to the other
sign (alas, Qo < 0). Moreover, as long as we consider the simplest assigment of moduli,
the BPS and non-BPS solution are related by analytical continuation: simply invert the
sign of the gauge field coupling to D0-brane charge, keeping the geometry and all scalar
fields invariant.

The point we wish to make is that this simple D0/D4 example is non-generic. In a more
general situation there are further charges present in the configuration or, equivalently,
nontrivial background moduli have been turned on. Either way, it is no longer possible to
continue analytically between the BPS and the non-BPS solutions. In fact, the two types
of solutions depend on charges so differently that their relation is nonanalytic. In this sense
the non-BPS class of solutions are reminiscent of a different phase or, at least, a different
branch of configuration space.

We focus on N = 8 supergravity for definiteness and consider a type IIA duality
frame where all charges correspond to D-branes.! The general distinction between the two
branches is encoded in the quartic invariant which in the present context can be written

as [, @] (2=0...3,i=1...3):

2
Iy = 4QoP' P’ P? — 4P’Q1Q2Q3 — <Z PZQE> +4> PQPIQ; . (L1)
5 i<j
The charge configurations with Iy > 0 have a BPS limit whereas those with I, < 0 do not.
Thus the configuration space of non-BPS solutions is as large as that of the BPS solutions,
in that they have the same number of continuous parameters. The entropy of the black
holes on either branch is given by [J:

S = GLN\/M . (1.2)

The entropies of the two branches are therefore related in a simple way. However, the
solutions have no simple relation.

The most general spherically symmetric black hole solution in N = 8 (or N = 4)
supergravity can be generated by acting with dualities on a seed solution with at least
five charges [, j]. Five parameter generating solutions were constructed in the BPS-case
long time ago [f—[], but on the non-BPS branch only four parameter solutions have been
constructed so far.? The solutions we construct are the general seed solutions.

The charge assignments we focus on do in fact permit BPS solutions, at least in some
cases. Those BPS solutions are the multicenter solutions, which have been the subject

Most results apply to N =2 and N = 4 supergravity after obvious changes of notation.
2To our knowledge, the first examples of non-BPS extremal solutions were found in @, EI]



of much recent interest [[3, [[]. These multicenter solutions have the same asymptotic
charges as those we construct, but only exist for a limited set of possible background
moduli. Nevertheless, since the multicenter solutions are BPS, and so have less energy than
the solutions constructed here, we suspect that there is an interesting interplay between
the two classes of solutions. We hope to return to this point elsewhere.

In this work we focus on the extremal case for conceptual clarity, but the non-BPS
branch of solutions include generalizations of these with more energy, and with angular
momentum. The solutions we construct represent ground states, since they are extremal.
From this perspective the interesting output of the solution is the non-BPS mass formula.

In the DO/D6 duality frame the mass takes the form [[14, [[d, B]:

_ U s 2/3)3/ 2
M=o <Q P .

We determine the generalization of this formula that includes B-fields on the world-volume
of the D6. More generally, we suspect that the non-BPS formula reflects interesting and
rather generic data that probes supersymmetry breaking in the gravitational sector.

This paper is organized as follows. Section 2 gives an overview of our conventions,
the equations that need to be solved and of the various types of attractors. Section 3 is
a review of known results for BPS attractor flows and uses a D0-D4-D4-D4 charge vector.
Section 4 gives new results for the non-BPS extremal attractor flows in terms of one seed
solution with D0-D4-D4-D4 charge, with some important group theory features. Section 5
dualizes these results to get a D6 — D0 non-BPS attractor flow. Finally, section 6 closes
with a brief discussion. The details of our non-BPS solution are derived in an appendix.

While this paper was in preparation, some overlapping and complementary results

appeared in [[L].

2. The setting
We want to be specific about our notation and so we begin with a small review of our setting.

2.1 The theory

We work in the framework of N = 2 supergravity coupled to a number of vector multiplets.
The bosonic action terms in the action are [[L7):

1 4 1 4 R aqvzb A -3
- - —5 tGa I 2.1
S 87TGN /d xﬁ 87TGN /d t |: 2 T Gabauz 8 z'+1m (NAE‘F,UJ/ ‘7:;1,1/ ) ) ( )

where .7-"3[1,1\ = .7-7}1, + %EWW}"A“”.

We focus on the N = 2 theory known as the STU-model [[§—R(]. We will interpret the
model in terms of ITA theory on a T of the form 72 x T? x T?. The D0/D2/D4/D6-branes
wrapping the various 7?%’s give four magnetic and four electric charges. The STU-model
in A/ = 2 theory captures the essential features of extremal black holes in the NV = 4,8
theories and many of it’s features also generalize well to extremal black holes in other
N = 2 theories (such as those from CY compactifications).



In N = 2 theory it is convenient to use the language of special geometry. In the STU
model the prepotential and its derivative are:

_XTX2x? OF

F XO 5 FE:&X'—E

(2.2)

We gauge fix the projective coordinates X% (A =0,1,2,3) so XY = 1 and then write
Xt =2 =" —iy® (i =1,2,3).% The Kihler potential is:

K =—logi (FgX2 - FEXE) = — In(8y1y2y3) . (2.3)

The corresponding metric and connection on moduli space are:

5. o
G =00 K = — Il = . (24)
! ! (2y)? Yy

Here ¢ is not summed over. The central charge of the A/ = 2 superalgebra is written in
terms of the superpotential W, as:

Z =KW = K2 [XAQy — FAP] . (2.5)

2.2 Charges

The electric and magnetic charges are defined as:

1 1
pA— A = 2.6
A Sgo f ) QZ An Sgo gZ ) ( )
where the symplectic dual field strength is:
y . 0L — y
Gl = —i—x = NasFr=m. (2.7)
N

The physical charges (2.6) are organized in symplectic pairs:
I'= (P Qy) . (2.8)

They have units of length and are related to dimensionless quantized charges by some
dressing factors. We will normalize the asymptotic volume moduli so 3|, = 1 but keep
the asymptotic B-fields 2!, = B’ = Vl, f% B as free variables.* Then the dressing factors
are just numerical factors

PA =M ph, Qs =Cxnqs, (2.10)

3Some authors use z* = z* + iy*. Then in order to keep the Kihler metric positive, the sign of the pre-
potential F' is opposite. The resulting scalars are the complex conjugate of ours, as is the central charge.
The sign of the electric charges Q)s; are the opposite.
4We can change to conventions where y‘|c = v; is nontrivial by taking 2* = z*v;. The effective potential
(introduced below) satisfies:
VBH(PA7Q27Zi) :GNVBH(pAquvgi)v (29)

so it is natural to associate the dressed charges P? Qs with the unit normalized z%’s and the quantized
charges p*, gs with volume normalized 2"’s.



which are essentially the masses of the underlying branes:

. 1
COZ23/2GNMD6: \/GNUG, 01223/2GNMD4: GNUG-;, (2.11)
Co = 282G N Mpg = G , C; = 222G N Mpy = ,/@ v
Ve Vg

Here v; are the volumes of the T?%’s measured in string units v; = V;/(27ls)?. The overall
compactification volume is vg = v1v2v3 and the D = 4 Newton’s constant G = 1292 /8v.

2.3 The equations of motion

For the spherically symmetric, extremal solutions we are interested in, the metric takes the
form:
ds? = =2V g2 4 =2 g2 | (2.12)

where the warp factor is a function of 7 = 1/|Z| only. The functional form of the gauge fields

is fixed in terms of this warp factor and the charges and generates an effective potential

for the scalars of the form [R1], B2

Ven = |Z)>+ Y _|DiZ)? (2.13)

7

= eK (|W(Z15Z2,Z3)|2 + |W(21’22’Z3)|2 + |W(Z1’22’Z3)|2 + |W(21?Z2’23)|2) .

Spherically symmetric solutions extremize the Lagrangian of the equivalent mechanics prob-
lem:

N\ 2 -
Log = (U) + G5 + UV, (2.14)

which amounts to solving the Euler-Lagrange equations:
U = €2UVBH , ZZ + F;ké’jék = €2UaiVBH . (2.15)
Solutions must also satisfy the Hamiltonian constraint:
U2+ G5 — Ve = 0. (2.16)

In all these equations dots denote derivatives with respect to 7. In the appendix we make
these equations explicit for the STU-model.

2.4 Attractors

Black hole solutions are characterized by their conserved charges. In our setting the asymp-
totic data is just the charge vector I' = (P?, Qx) because we assume spherical symmetry
(so angular momentum vanishes) and extremality (so the mass is determined by the charge
as the minimal one giving a regular black hole).

In A = 8 theory there are qualitatively different classes of black hole solutions, clas-
sified by the quartic invariant I4(I'): if I4(I') > 0 the solution is BPS but if I,(I') < 0
the single center solution cannot be BPS. If the invariant is null, the solution is BPS but
preserves more than the minimum 1/8 SUSY [Rd, R4].



The N = 2 STU-theory inherits the quartic invariant from the A/ = 8 theory:

I4(T) = 4QuP' P2 P® — 4P°Q'Q*Q* — (P™Qx)" +4)_ P'Q.P'Q; . (2.17)
i<j

It may happen that some of the I4(T") > 0 solutions do not preserve any of the N/ = 2
SUSY even though they do preserve some of the N' = 8 SUSY (see [P, 4]). Although
such solutions are non-BPS in the A/ = 2 theory they have essentially the same properties
as the BPS solutions. Our interest are in the soutions with [4(I') < 0 which are non-BPS
whether in N =2 or N = 8.

The extremal black holes, be they BPS or not, all exhibit an attractor mechanism.
One can solve for these attractors values by minimizing Vg (T, 2%) as a function of the 2’s
with fixed I. For the BPS solutions of the STU model, the vector-multiplet moduli, 2*,
are all completely fixed at the horizon and given by the following expression:

g Pi +idg,I./*(T)
© POt idg, 1)

(2.18)

The non-BPS attractors with I, < 0 are qualitatively different: out of the six real moduli
in the STU model, there are only four fixed scalars and two flat directions. The expression
for the attractor values for the four fixed scalars is now somewhat more complicated due to
certain subtle phases [2f]. The appearance of flat directions is most easily appreciated in
the DO — D6 duality frame where the relative size of the T?’s remain undetermined upon
extremization of Vgy. We will return to this point in much more detail.

The entropy (from the horizon area) of all extremal solutions, whether BPS or not, is
essentially the effective potential (R.14) evaluated at the extremum:

A _ T

S:4GN:GN

VBH| gt (2.19)

which can be shown to give

S = Gl\/|14(r)| . (2.20)
N

3. BPS solutions

Before describing new extremal non-BPS solutions to the STU-model and the N' = 8 theory
we review the familiar BPS solutions [, P7-R9].
3.1 A simple BPS solution: D0-D4 without B-fields

A good benchmark solution is the case of a D0 — D4 — D4 — D4 black hole with Q¢ > 0
and P! > 0 but P° = Q; = 0. This charge configuration is BPS. Thus its attractor values

[ 2qupi
A B e | el 3.1
ZﬁX 1 Sjkl Pk. Pl ) ( )

are given by (R.1§) which become:



where we introduced s, = |€;r|. These attractor values give a natural way to write down
the full solution in the simple case where the B-fields, encoded in the moduli 2, vanish

asymptotically. One starts with four harmonic functions:
Hi:iﬂﬂr HO:LJFQOT (3.2)
V2 ’ V2 ’

and then the solution to our effective Lagrangian is:

e W = 4H H*H?H?3, (3.3)

A [ oH, Hi
J— _; i Bl 3.4
‘ "\ sy HE H (3-4)

Inspecting the limit 7 — co we recover the attractor values (B.1]) and the black hole en-
tropy (R.20). It is also evident that for this solution the mass formula is just the marginal
sum:

GNM:2—\1/§<QO+ZZ:PZ> :Z‘T:(). (35)

This also follows from the fact that without B-fields the phases of the individual central
charges for the DO-brane and D4-branes:

Zpo=2732Qy,  Zpu=273*P, (3.6)

are completely aligned (such marginal bound states in terms of more basic constituents
were initially explored in [Bd, B]).

3.2 The most general BPS solution

By expanding the framework above one can accommodate a wider range of asymptotic data,
including the appearance of B-fields and a more general charge vector I' (see e.g. [[[2, B3—
B4)). In addition to the four harmonics Hy, H® we need four more harmonic functions
H°, H;. Defining the constant terms:

' = (PE,QA) = (H2|T=07HA|T=0)’ (37)

we can write the whole set of harmonic functions compactly, as a single charge-vector
valued function:

H(t) =To+T7. (3.8)
The constant terms (B.7) are subject to two conditions:
L(Ts) =1, (I'Ty) =P¥Qs — QAP =0. (3.9)

As long as these are satisfied we can completely describe any I4(I") > 0 solution succinctly
using a generalization of the entropy formula to an entropy function and a generalization of
the attractor equations called the stabilization equations [@] The warp factor is obtained
by inserting our charge-valued harmonic function into the entropy formula in (R.17):

e UM = [y (H(7)) . (3.10)



Similarly the solution of our scalars z* is obtained by generalizing the attractor equations to:

i) — Hi(T) +i5HiIi/2(H(T)) 3.11
(") HO(7) + idp, I} (H(7)) o

It is straightforward to verify that this formalism recovers the simple solution in (B.3).

As a special case of (B.11)) we note that the constants in the harmonic function, I's,
satisfy the attractor equations. This is the attractor at infinity [BY, a map between the
6 real moduli and the 8 constants in the harmonic functions which are subject to the 2
constraints (B.9). The fact that BPS attractors completely fix the scalars is crucial for our
ability to write the full solution in the attractor form (B.10)(B.11)).

3.3 DO0-D4 revisited: non-trivial B-fields

We now apply this machinery to our DO-D4 BPS solution and use it to include non-trivial
B-fields. Thus we introduce general constant terms for the harmonic function Hy, H' and
also allow the harmonic functions H?, H; to have non-zero constant terms as well. All these
parameters are fixed in part by our choice that the asymptotic volume moduli 3%, = 1. We
parameterize the remaining freedom in terms of the asymptotic B-field densities, B* = z°_,
and a phase a which we will explain shortly:

_ sin «v _

1 A
P = P'=— [B'sina + cos o] (3.12)
V2 V2 ’
1

Q1 = % [sina(1 — By B3) — cos a(Bs2 + Bs)] , (and cyclic permutations) ,
_ 1 . . .
= — B'—||B"|sina+ [1—>» B'B’]cosa
o= L |(Sr 1) 103
7 1 1<)
These expressions were constructed so that the first constraint in B.9) Is(I's) = 1 is

satisfied. To satisfy the second constraint we must choose a so that(sék = |eijrl):
([,Toe) = P'Q; — Qo P’

(Qo P 8—23’“ (1+iB%) (1+ in>> e\;;]

(2

= Im

=2Im [Ze "] =0. (3.13)

In addition to specifying « in the solution we therefore find the interpretation of a: it is
the phase of the central charge Z.° If we insert our harmonics into (B.1() we get:

4 BIiBF .
<Q0+Z P <1—Sijk 5 >> CoS a—l—z sijkBJPk sina] T (3.14)
- ,

7

e = 143

+0(72) + O(73) + 4Qo P* P2 P374 .

5This is up to a shift by 7. This ambiguity is resolved by the mass formula.



This gives the correct BPS mass and black hole entropy:

M = GN'|Z] = Gy'Re [Ze 7], (3.15)
2
S = G—W\/QOP1P2P3 . (3.16)
N

Expanding the general stabilisation equation (B.11]), the scalars take the form:

. —HH'+ HyH® + HyH? + H3H? —ie” 2V
A—
2(H2H3 — HOH,) ’

(and cyclic permutations) . (3.17)

The moduli exhibit the correct asymptotic behavior, namely:

. o . [ oops
Z']”T:O — BJ — 7, Z']‘T:OO = —1 W . (318)

In other words, we satisfy the boundary conditions we wanted at r = oo and flow to the
previously determined attractor values at the horizon r = 0.

4. Non-BPS solutions: the D0-D4 case

We now get to the core of our results, the non-BPS black hole solutions to the STU-model
and the N' = 8 supergravity theory. We first briefly review how a non-BPS solution can
be constructed by analytical continuation and then present the more general solution that
cannot be obtained this way. We then discuss the non-BPS mass formula and the action
of the dualities on our solution.

4.1 The simple non-BPS solution

Once again we use the canonical representative, a D0-D4-D4-D4 charge vector. In the
non-BPS case we assume @y < 0, P* > 0 so I4(I') < 0. As mentioned in the introduction,
we can derive some simple solutions by analytic continuation from the BPS case [, 6, B
Thus we can start from the harmonic functions:

) 1 . 1
HZZE—FPZT, HOZ—E—{—Qo’T, (41)

and immediately write the non-BPS solution:

A —HoH'
e = WHH'H*H?|, &' = —i\ [ —— . (4.2)
isiijﬂH

In particular this gives the attractor values:

. —Qn P
jsijkP]Pj

Our goal is to generalize the canonical non-BPS solution ([.3) to situations where the
asymptotic moduli are more general and/or there are more charges present.



4.2 The seed solution: non-BPS black holes with 5 parameters

The experience with BPS black hole solutions suggests several strategies which all appear
to encounter difficulties:

e We could determine the general attractor equations, like (R.1§) for BPS, and then try
to generate the full flow from appropriate stabilizer equations, like (B.11]) for BPS.
This approach was suggested for non-BPS solutions [Pg], but it does not seem to work
in the general case where an extra phase appears in the attractor equations. This
phase difficulty can be circumvented in the first order formulation for non-BPS black
holes proposed in [B7]. When considering the same superpotential as in this work,
their flow equations describe the change in the phase from its value at asymptotic
infinity to its value at the horizon. When attempting to extend this formulation for
general superpotentials, the proposal in [Bg fails to cover this phase change.

e Another strategy is to exploit the uplift to five dimensions where the situation is
simpler [B]]. The difficulty with this approach is the specific assumptions for the lift:
the natural ansatz assumes that the 5D geometry is a time fibration over a Hyper-
Kahler base. This assumption does not hold for known solutions like the D0-D6
solution in [T4, ff]. However, as it turns out, for the D2-D2-D2-D6 charge vector, the
extremal non-BPS black hole solution found in [BY is U-dual to the extremal D0-D6
black hole we will present in the next section.

e The solution generating technique acting on a Schwarzschild (or Kerr) seed solution
gives the most general nonextremal solution, at least in principle. All solutions
with a BPS limit were generated this way a long time ago [, fi. The technique
works in principle for the non-BPS branch as well: it generated the D0-D6 solution
in [(J]. However, the solutions derived this way are parameterized in an unilluminating
manner that has so far resisted extraction of the general non-BPS extremal solutions.

Instead of attempting to generalize the approaches used for the BPS solutions we find
our seed solution by direct integration of the equations of motion, generalizing another
recent computation [i(f]. The solution identified this way has arbitrary DO and D4-brane
charges as well as equal B-field densities, B* = B, on all three T?’s.

We leave the full derivation of the integration of the equations of motion to appendix
A and present the final solution in its simplest form. Once again we have four harmonic
functions:

) 1 )
HZ:E—FPZT, Hy=—-——(1+B*)+Qqr, (4.4)

with which we can write the solution as:

N

eV = —4H H'H*H? — B* 7= B—ie (4.5)

0 ) S I .
We have already mentioned that for the non-BPS solutions Qg < 0, P? > 0. With these
assignments Hy < 0 and H® > 0; so the first term in the warp factor e~V is positive definite.

The constant terms in Hy, H® are such that e *Y > 1 during the entire flow 0 < 7 < oc0.

,10,



The non-BPS solution with B-field ([.5) gives the same attractor values for the scalars
and also the same black hole entropy as the simple non-BPS solution without a B-field ([t.9).
These aspects are therefore reproduced correctly by analytical continuation from the BPS-
solution discussed in section 3.3. However, we emphasize again that the full radial flow
cannot be obtained in this way.

Although we have discussed our solutions in the setting of the STU-theory, they are
readily embedded also in A/ = 4 and N' = 8 supergravity. In these contexts they serve as
seed solutions which generate the most general spherically symmetric black hole solutions
upon acting with dualities. It also appears that our solutions generalize to other N' = 2
theories with cubic prepotential. For such theories s;;; = |€;;1| should be replaced by the
structure constants c;;, and H'H?H? should be replaced by the invariant %ciijiHij.

4.3 Duality orbits

The solution we have given above depends on exactly 5 parameters, four charges and a
B-field, and so it is adequate to generate the most general black hole solution. We now
review how this works in principle [f]. Explicit examples are postponed to the next section.

The theories we consider have a continuous duality group G which is spontaneously
broken by the scalar fields taking values on some coset G/H. Starting from a seed solution
with some canonical values of the asymptotic scalars we can generate whatever more general
values of the asymptotic scalars we desire by acting with G. Subsequently we can act with
H, which leaves the scalars invariant, to bring the charges to the values we want to realize.
That all solutions are generated this way depends on the details of the theory.

In the STU-model G = SL(2,R)? and H = U(1)3. Starting from our seed solution with
asymptotic moduli 2/ = B—i for j = 1,2, 3 we act with SL(2, R) on each 2/ to realize general
moduli. There is some redundancy in this: since the seed solution already has one explicit
modulus, B, there is a diagonal (the same in all three SL(2,R)’s) duality transformation
that is not needed to cover moduli space. Having transformed to the desired point in
moduli space, the next step is to realize all charge vectors without further changing the
moduli. Since the moduli actually belong to (SL(2,R)/U(1))3, the U(1)? leaves moduli
space invariant. These U(1)’s act on the relative phases of the central charge Z and
its covariant derivatives D;Z with corresponding actions on the charge vectors (p™, qp)
(A =0,1,2,3). In order to realize all charge configurations we also need to act on the
overall phase of the central charge and its covariant derivatives. This is precisely what the
redundant (SL(2,R)/U(1))? duality transformation can accomplish. We see that the fifth
parameter, which we parameterize as a diagonal B-field, is exactly what is needed in order
that the most general solution can be generated.

Let us also consider the general N' = 8 theory where G = E7(7y and H = SU(8). Here
we first act with E7(7) on the moduli in the seed solution, thus reaching a generic point in
moduli space. We then transform the charges with H = SU(8), which leaves moduli space
invariant. To be more precise, the central charges can be organized in an antisymmetric
8 x 8 matrix 2% + iy, (a,b = 1,...,8) with skew-eigenvalues Z, (A = 0,1,2,3). The
SU(8) duality group transforms the central charges in the antisymmetric representation and
one can show that it generates the most general charge vector from four real magnitudes

- 11 —



and the overall phase of the skew-eigenvalues (left invariant because the SU(8) has unit
determinant) [f]. Again, the extra parameter we have in our solution is equivalent to this
overall phase.

We also note that virtually identical considerations apply to the N' = 4 theory which
has duality group G = SO(m,n) and H = SO(m) x SO(n).

The duality orbits are not special to the non-BPS branch, nor to the extremal case.
We have merely reviewed why, and in what sense, seed solutions in four dimensions must
have five parameters. From this point of view our contribution is to advocate a particular
duality frame which make the seed solutions particularly simple. The group theoretic
distinction between the BPS and non-BPS branches appears when we consider the attractor
mechanism, the subject of the next subsection.

4.4 Non-BPS attractors with flat directions

Suppose we have followed the procedure just outlined and reached our desired duality frame,
i.e. the asymptotic scalars have been set to realize a specific vacuum, and the charge vector
has been transformed to v = (p*, gr). We then ask: what subgroup H of the duality group
G leaves the charge vector v invariant 7

We have defined H so that it leaves our charges invariant, but it generally acts non-
trivially on the scalars. Denoting by ho C H the subgroup of the duality group that
leaves both moduli and charges invariant we see that the coset H/hg is the nontrivial
scalar manifold generated by duality transformations that leave the charges invariant. The
physical significance of this coset is that it corresponds to new solutions with the same
charges but different asymptotic moduli. Since the transformations act on the entire orbit
these solutions can also have different attractor values for z’. The attractor values of the
scalars are therefore not uniquely determined by the charges if the coset H / hy is nontrivial
at the horizon.

We defined hg as the elements in the duality group G that leave both the charge vector
~ and the moduli invariant. The group leaving moduli invariant (but not necessarily the
charge vectors) is H, the maximal compact subgroup of the full duality group G. Since
ho C H we find in particular that ho is compact. For typical values of the scalars, hg
will be trivial, but at the horizon ho is enhanced to the maximal compact subgroup Hy
of HS Therefore, if His non-compact, there will be dimH — dimH, flat directions of the
black hole potential for the given charge vector and the corresponding moduli are fixed
by spontaneous symmetry breaking rather than dynamics. This set of flat directions is
parameterized by the coset H / Hy (see [, 2] for more details).

The important point we wish to make is that H / Hy is trivial for BPS black holes, but
non-trivial on the non-BPS branch. In other words: the attractor mechanism determines
all moduli for a BPS charge vector, but leaves flat directions if the charge vector is non-
BPS. The key distinction between BPS and non-BPS can be appreciated by contemplating

SAt first it seems naively like this enhancement should always hold, but U-duality elements acting on
the charges act with a left action on the scalars represented as right-cosets of GG, so compact elements of H
need not always be in fLo.
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the quartic invariant I4(I') (R.17). Only for non-BPS charge configurations I4(I') < 0
is it possible to have just two non-vanishing charges (P° Q), and in this frame there
are clearly exceptional duality transformations which remain symmetries because (P, Q;)
vanish. These additional symmetries persist for other non-BPS charge configurations. We
will be very explicit about how this works when we examine the D6-DO0 realization of our
non-BPS solutions in the next section.

We end this discussion by reviewing the explicit expressions for the various groups. For
the STU-model the duality group is G = SL(2,R)? with maximal compact subgroup H =
U(1)3. In this case the non-BPS charge configurations are left invariant by H = SO(1,1)?
which has only the trivial compact subgroup Hy = 1. Therefore H / Hy = SO(1,1)? param-
eterize two flat directions which decouple from the attractor mechanism.

For N = 8 supergravity we need G = Er(7y, H = SU(8). BPS charge configurations
are left invariant by H = Fj9) with the compact subgroup Ho = SU(2) x SU(6) leaving the
BPS charge vector invariant as well. The coset H/Ho = Eg(2)/ SU(2) x SU(6) parameterizes
40 flat directions, from the A/ = 2 point of view these are the decoupled hypermultiplet
scalars. Non-BPS charge configurations are left invariant by H = FEg(6) with the maximal
compact subgroup Ho = USp(8). The coset H/Hy = Fg(g/ USp(8) parameterizes 42 flat
directions, which is just large enough to contain the forty hypermultiplet scalars and the
two flat directions we see in the STU theory.

4.5 The non-BPS mass formula and more general moduli

Now that we understand the symmetries which allow to easily generate other solutions
from our seed solution, we would like to see how the extremal non-BPS black hole mass
compares to the BPS bound for any moduli.

We can appreciate the differences between BPS and non-BPS extremal black holes
better by working out their masses for the seed solution. The non-BPS mass formula is
also useful in physical applications.

Expanding the warp factor (f.5) we find the mass:

2G' N MNon—BPS = % (‘Qo‘ + sz(l + B2)> . (46)

There is a simple interpretation of this expression: the mass is just the sum of the masses of
the DO and D4-branes individually, with the B-field taken into account for each constituent
independently. Interestingly, this indicates that the non-BPS black hole is a marginal
bound state. In the special case where all B-fields vanish the mass formulae are related by
analytical continuation from @y < 0 to Qo > 0. However, the more general expressions with
B-fields turned on are not related in this way. This indicates that the physics of the two
branches is qualitatively different, in a manner reminiscent of a system with distinct phases.
It is instructive to compare our non-BPS mass formula to the BPS bound Mgpg =
‘ZF ‘ /GN:
1

QGNMBPSZQIZF’ = \/5

Qo+ Y _P'(1+iB)?| . (4.7)
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If we consider the gap between the squares of the two masses, we get that

A =8Gy (M? — Mgps) =4]Qo| Y _P'>0. (4.8)

Thus the additional energy associated with a non-BPS state is always strictly positive.

We have control over the general situation, with more charges and/or moduli turned
on, due to the dualities spelled out above, in section 4.3. The masses are invariant under
such transformations and so we immediately find:

e The existence of a gap between BPS and non-BPS branch holds quite generally.

e The mass of a non-BPS extremal bound state is always the sum of the masses of
four 1/2-BPS (in the N=8 language) constituents. However, the quantum numbers
of these constituents will generally be complicated.

As a special instance of these considerations one might consider the DO — D4 bound
state and contemplate adding on general B-fields. This can be accomplished concretely by
acting with the duality group H which leaves charges invariant and acts on moduli alone.
The non-BPS formula for this case can deduced explicitly this way but it does not seem to
be simple, since the stabilizer group which keeps the quantized charge invariant scales the
volumes of the various T2’s so that the dressed charges vary. The physical origin of these
difficulties is that, if some of the B-fields are not equal, the constituents will not be just
DO-branes and D4-branes but also D6-branes with fluxes.

5. The D0-D6 solution with B-fields

In this section we work out the explicit example of a non-BPS black hole with only D6-brane

and DO-brane charge but arbitrary moduli. There are several motivations for doing this:

e We would like to compare our seed solutions to previously known non-BPS solu-

tions [[[4, B

e In the D6-D0 frame the flat directions that decouple from the attractor flow are
manifest: they correspond to adjusting the volumes of the individual 7%’s without
adjusting the overall 7% volume. By working out the duality transformations explic-
itly we can exhibit the flat directions in other non-BPS systems as well, including
our original D0-D4 frame.

e The D0-D6 system has interesting physical properties [, [3, Bd, g -Ed]. Our super-
gravity solutions add new and interesting facts about this system.

Our strategy is as follows: we determine the duality transformation relating the D6-D0
U-duality frame to the D0-D4 frame and then use this to find the D6-D0 solution. We move
in steps of increasing complexity, starting with no B-fields on the D0/D6, then 3 identical
B-fields, and finally the more complicated case of 3 different B-fields. Along the way we
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take the opportunity to revisit the important group H , introduced as the stabilizer of the
charge vector. We will make the group more explicit and further explain its significance.

We will find is useful to move back and forth between two normalizations of our scalar
fields, 2* and #* = v;2*, using the former for dressed charges and the latter for quantized
charges. Duality transformations are simplest in terms of the quantized charges (pA,qg)
but we will revert to the use of dressed charges when presenting our mass formulas.

5.1 Duality transformations

We want to transform between the non-BPS DO0-D4 charges (g0 = ¢,p') used hitherto
and the DO-D6 charges which we denote (go,p°). To so we recall that the charges of the
STU-model transform in the (2,2,2) of the [SL(2,R)]® duality symmetry. We can make
the transformation properties of the charge vector (pA,qg) manifest by introducing the

notation {a;j}:

P = an, qo = —ao00 »

p' = ao1, q1 = @100, (5.1)
P2 = aio1, g2 = @010 ,

p3 = a11o, 43 = apo1 -

The duality transformations then become:

4 , .
Qjpr = (M) (M)l (Ms)y aijic - (5.2)
We have introduced three independent
SL(2,R) transformations, M; (j = 1,2,3), whose action on the complex moduli / =
¥ — il is:
M= (90} s 4= Hh; (5.3)
Cj dj Cj zJ + dj

The M;’s that dualize from the D6-DO frame to the D0-D4 frame must satisfy the eight
relations:

—q = —ajazaz qo + bibabs p°,

0 = —ajag 3 qo + bibads p°, (and cyclic permutations), (5.4)
. 1 1
p' = — 5 Sijk 4iCjCk Q0 + 3 Sijk bid;dy, p°

0 = —cicac3 qo + didadz p°

where s;;; = |€;jx]. There are no solutions to these equations unless the product gp'p?p?
is negative, as expected because we must be in the non-BPS branch (/4 < 0) in order to
dualize to the D0-D6 system. The D0/D6 charges p and o can have any signs, which is
also as expected since Iy < 0 independently of those. Without loss of generality, we take
{g<0,p" >0} and {p°,qo > 0}. With these assignments, the

SL(2,R) matrices that map the D0-D6 charge vector into the DO-D4 configuration are:

: 1/3
1 (piX —pi —qp’ P’

M; = o= — () 5.5

V2Api <)\ 1 ) P LsikpIpk q0 (5:5)
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The duality invariant I is the same in either frame:
Ii=4qp'p*p® = —(p"q)* < 0. (5.6)

This is necessary for the transformations M; to belong to
SL(2,R) and for the consistency of the relations (f.4) with the matrix (5.5). We will also
need the inverse matrices, mapping the D0-D4 system into D0-D6:

_ —1 1 p;
M1 = ‘. 5.7
' V2 pi <—)\ pi >\> 5.7)

The transformation matrix (b.5) is not the most general one mapping the D0-D6 charge

vector into the D0-D4 configuration. There exists a two parameter family of transforma-
tions by considering different \; (i = 1,2,3) subject to the constraint A\; Ao A3 = p°/qo.
The existence of such general transformations agrees with the conclusion in our previous
duality group orbit discussion.

5.2 Flat directions made explicit

We now have the explicit formulae needed to make the abstract discussion of flat direction
in the previous subsection more explicit. By definition, the subgroup H is the subgroup
of [SL(Q,]R)]?’ that leaves a given charge vector I" invariant. This subgroup is particularly
simple to characterize for the D0-D6, since I has only two non-vanishing components.
The explicit SL(2,R)3 transformation is (F.4), but now with the D0-D6 charges on
the left hand side as well as the right hand side. The solutions of the equations are the
clements of H. We find
SL(2,R) matrices of the form:

Ni(60) _ (eol e_()ai) ’ Zai =0. (5.8)

Thus, in the D0-D6 frame, the action of this subgroup on the complex moduli is equivalent
to a T volume preserving rescaling. That is, each moduli 3* is rescaled:

7 e gt (5.9)

223

keeping the product ! 72 23 invariant since Yoo =0.

The H action in the DO-D4 frame is more complicated, but it can be obtained by map-
)

ping the charge vector I'gg_p, to I'po—ps, acting with Ni(60 in that frame, and mapping
the charge vector back to the original D0-D4 frame. In other words, the action of H is

given by the conjugated matrices NZ.(4O) =M, - NZ.(GO) . Mifl:

ha; p;sinha;
Ni(40) _ <p cosha; ;s az) 7 Zai =0. (5.10)
i

i_l sinh «y; cosh o
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One can explicitly check that the D0-D4 charges are left invariant under these transforma-
tions. This action does mix the volume and metrics, as can be seen by writing the explicit

action on the complex moduli fields 27/ = &/ — ¢ §7:

cosh 2 & + (1/2) sinh2a5 [p; + 5 () + (#)°)] — i)
cosh? o + pj_2 sinh? o ((#9)2 + (§9)2) + pj_1 sinh 2cv; 77

z5 —

(5.11)

This action applies to the entire flow. For example, we can act on the simple non-BPS
solution ([.2). This will modify the simple attractor behavior (f.d) which, in particular will
include B-fields after this transformation. This is despite the fact that charges have not
changed. Thus the transformed attractor is sensitive to data beyond the charges, namely
the asymptotic moduli (which are computed by (p.11) acting on the asymptotic moduli).

5.3 D0-D6 with no B fields

Let us start with the seed solution written with undressed charges. Define a a new B-field,

b = B/Gy, and the rescaled "undressed” harmonics hg = Cy'Hy and h' = (C*)~'H".

Then the seed solution can be written as:

s b — iv/—4hohth2h3 — b2
Sijkhj hk

(5.12)

In order to have zero B-fields in the dual D0-D6 frame, we want the transformed moduli,
(51' =M ;1(22‘), to be purely imaginary. Inspection of (F.7) reveals this can only occur when:

#l=p" V¢ &  W=ph+7), ho=qh+7), (5.13)

for some constant h. Thus, the DO-D6 scalars are:

¢ =x"" Ltp 2 o [Pl (b7 +b oy [[P°Qo| (4 7)* + B
Loe Paol (h )7 = PQol(h+ 77— B
(5.14)
and the warp factor becomes:
e = /(PQo)2(h+ 1) — B2 (5.15)

All the volumes v; are equal on the DO — D6 side. This feature can easily be relaxed
by acting with H (b-9), which will make the v; general, while keeping the overall volume
V1V2V3 fixed.

A less trivial task is to rewrite B, h in terms of physical quantities in the D0O-D6 frame.
First, from the normalization of the volume moduli at infinity, we get:

0\ 2/3 0 2
A% = (P ) _ 2 = [P @I+ B (5.16)

Qo "TPOQo|h? - B
Second, requiring that the warp factor (b.19) asymptotes to Minkowski space we find:

(P°Qo)?h*—B2=1. (5.17)
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This allows us to solve for {B, h} in terms of the D0-D6 dressed charges {Qo, P°}:

B=S(A-A L (PO — Qo). (5.18)

_1) _
2(PYQo)
A+ A—1)1/2 1 02
= POY3 4 (Qo)**) V2. 5.19
VAo vapogepr T Q0T (19
With these identifications the D0-D6 solution (5.14)-(5.13) agrees with the one that was
constructed directly in [[[4, [
Expanding the warped factor at first order in 7 gives the mass of the D0-D6 system:

T2
_

23/2GNM _ 23/2(P0Q0)2h3 _ [(P0)2/3 + (Q0)2/3]3/2 ) (5‘20)

Note that we can rewrite the mass formula as:

0
2B2GNM =4 (%) [14+A72)3/2, (5.21)

which is exactly the sum of the masses of four D6-branes with charge P°/4 and fluxes A~!
on each T? with signs (+ + +), (— + +), (+ — +), (+ + —) as already seen in [i4, Bf. This
is an example of the more general phenomenon that the non-BPS mass can be interpreted
as a marginal bound state of elementary constituents.

5.4 D0-D6 with equal B-fields

To turn on equal B-fields we need a unique non-vanishing real part for the transformed ¢
for ¢ = 1,2,3. This is achieved by considering the choice of harmonic functions:

hi=ph+7), i=1,23 and hg=q(k+71). (5.22)

Using the inverse matrices (f.7) and the above form for the harmonic functions, the trans-
formed complex moduli ¢/ = &/ — i ¢/ are:

o (h—k)(h + 1)

T=A 1(h+7)(h+k+27)—25’ (5:23)

G oye1 VE+T)(h 7)1

y=2 1(h+7)(h+k+2¢) T (5:24)
(5.25)

where we introduced b = b/\/|14].
Let us proceed as in the vanishing B field configurations. First, let us make sure the
metric is asymptotically Minkowski, by requiring the warped factor to vanish at infinity:

Ulr=0)=0 & |LL|kh® -1 =1. (5.26)

Second, let us normalize the moduli at infinity:

. 1
lim 2/ = B —i = B=+/|li|hx, 5\/\14\h(h+k)—b:A_1. (5.27)

7—0
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Above, we did introduce the notation xy = (h — k)/2, we used (p.26¢f) when necessary, and
we already took into account the scaling relation 7 = 27 vj.

Equations (f.26)—(f.27) provide three constraints that allow us to fix the constants
{k, h, b} in terms of the physical parameters {B, Qo, P'}. First, from the second equa-

tion in (.27):
b+ A2 = |L|h*(h — X)* = || B*(h — 2x) + || i*x* = 1 + b* + B?, (5.28)
where, in the last step, we used (p.26) and the first equation in (5.27). The above deter-

mines b:

b= % [A (1+ B?) — A—l} . (5.29)

Inserting this back into the second equation in (.27) we get:

1
VIGIR =B=A"4+b = LK =B+ [A(l + B?) + A—l] . (5.30)

This fixes h, and so we can use the first equation in (5.27) to determine x (or k).
The mass can be obtained, as usual, by studying the first order asymptotic correction
to the warped factor. This gives:

2GN M = \I4yh2 3k +h) = \/|Ta| h (2\/\14 112 — 3v/|L hx) (5.31)

_ @[A(HB?HA1+2B}1/2[A(1+B2)+A1_B}. (5.32)

This can be written in terms of the dressed charges {Qo, P°} as:

26 M = = [(PPPE+ B + (@ +2m(Pen ] G

X [(P0)2/3(1 + B2) + (Q)¥? - B(P0Q0)1/3] . (5.34)

This formula make look a bit perplexing at first. Once again, however, it has a natural
interpretation sum of the mass of four D6-branes with fluxes |F;| = A~! coming with signs
(+++),(—++),(+ —4),(++ —). The mass formula above is then re-written as:

22GNyM = %0 (1 + (AT + B)2> i (1 + (A + B)2>1/2 <1 + (At + B)2) i

+PIO (1+ @+ B)?) " (1+ (=B " (1r@at- B)2>1/?5'35)
PO 1/2
—(1+ @A -B)
o

+T<1 + (A —B)2)1/2(1 + (AT - B)2>1/ (1+ @+ B2) "

1/2

+ (1 + (AT B)2> i (1 F(ATL - B)2>

1/2

The variables P° and A only depend on the product of the three T2 volumes, so adjusting
the volumes while keeping their product invariant will leave our mass formula invariant,
once again the action of H.
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5.5 D0-D6 with non-equal B-fields: the most general solution

To turn on three different B fields, we need to consider the most general set of harmonic
functions:
R =p' (k' +7), i=1,23 and hg=gq(a+T). (5.36)

Using the inverse matrices (5.7) and the h; defined above, the transformed complex moduli
qgj =3 — il are:

(B + 1)kt +7) = (a+71) (K +7)

7= (k3 +7) (k' +7)+ (a+7)(k*+7)—2b’ (5:37)

ooV a+r )k )R+ T) (R +T) — b

y =22 (kI + 1)K +7)+ (a+7)(ki +7) —2b (5.38)
(5.39)

where we introduced b = b/+/|14|.
Let us map the constants in h; to the dressed charges and B; fields. Requiring the

warped factor to vanish at infinity is equivalent to:
Ur=0=0 & |Llak'k* k3 —bp*=1. (5.40)
The normalisation of the moduli fields at infinity gives rise to:

1 1 1 . )

11_% 2 = Bj —1 = Bj = 5 ‘14‘ <§Siﬂ kI kl — a/{?2> s (5.41)
, A _ AL

Kk 4 ak! —2b = 22 (5.42)

VL’

where we defined A; = A\v;. To derive these expressions, we used (5.4(]) when necessary,

and we already took into account the scaling relation 7 = 27 ;.

Using (p.42):

L (1 | \ 2
(b+ A7 = ’_24‘ <§Sijlkﬂ K —aki+2a k:) (5.43)
1 )
= B} + |ulak' Ssip k' K =140 + B, (5.44)

where in the last step we used (p.40]), allows us to determine b:
1

b== (A (14+B})—AY) . (5.45)

2

Since the left hand side is a given number (b), we do explicitly see that for a given value
of the B; fields, the volumes v; are entirely fixed at this point. The above equation gives
rise to two conditions:

AM(1+BH - A=A Q+B) A =A3(1+B3) - A3t (5.46)
There exists a third one coming from the fact that:

A1 Ag Ay = A3, (5.47)
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These equations provide an implicit map between the ”fluxes” A; and the B; fields. A better
parameterisation can be achieved by introducing a new set of parameters g; as follows:

Bi
A= (5.48)

\/1+ B?

In terms of these, the above conditions are:

\/1+ B?sinh B; = (/1 + B2 sinh 8 = 1/1 + B? sinh 33, (5.49)

A3 eP1+082+8s (5 50)
 V1+B:\1+BZ\/1+ B2 '

Plugging (p.45) into (5.49) allows us to fix a k%
VIdak! == (A7 + A (1+ B?) — 2B;) = /1 + B? cosh 3; — B, . (5.51)

Using this into (.41) fixes s;;k7 k! to be:

DN |

1 . 1 /

The mass can be obtained, as usual, by studying the first order asymptotic correction
to the warped factor. This gives:

1
2GN M = |14 (' K2 K+ a (KM K + K B + B2 k%)) (5.53)

To write this in terms of the physical charges and B moduli, let us first multiply the three
independent equations (5.53). This allows us to determine the product k' k2 k3:

3 1/2
PR = L ] [Bi +1/1+ B? coshﬁ,} : (5.54)
i+1
If we now multiply (5.51)) with (5.54) and divide by (F.53), we can determine a k* k7:

1/2

1/2
ak'k? = |13/ [\/1 + B? cosh 3 — Bl] : [Bg +4/1+ B3 coshﬁg] (5.55)
1/2
'|:\/1—|—B§C08hﬁ3—33:| ,

with cyclic permutation expressions for the analogous remaining terms appearing in the
mass formula. We stress that to derive the above relation it may be convenient to use the
identity:

1+ B? cosh 3;— B; 14+ B2 cosh 3i+B; | = 1+ B? cosh 3 — B; (5.56)
J
<\ / 1+BJ2 cosh (3; —i—Bj) ,
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for any pair {i, j} = {1,2,3}, which is a consequence of conditions (f.49).
To simplify the final mass formula, it is convenient to use:

A -
\/ 1+ B cosh B + By = o+ [1+ (A '+ B)? . (5.57)

This allows us to write the mass formula for arbitrary B; fields as:

1+(A +B1))1/ <1+(A +Bz> < +(Ay +Bg)>1/2
1/2

+PO (1 + (AT Bl)2>1/2<1 + (A1 — By) ) (1 + (A5t - 33)2)1/2 (5.58)

4
+pTO <1 N (Afl B Bl)2>1/2 <1 N (A;l N Bz)z>1/2 (1 N (Agl B 33)2)1/2
+%O <1 + (A7 - Bl)2>1/2 <1 + (A - BQ)Q> 2 (1 + (A7l 33)2) 2

Once again, the mass remains marginal and can still be interpreted as the sum of the masses
of four D6-branes with the appropriate fluxes. In this case, the fluxes are determined
implicitly as a function of the B fields.

As we emphasized above, the volumes of the different 7%’s are fixed in the current
solution. We can generate a more general solution in which these volumes are generic, but
having a fixed T volume, as required by the attractor mechanism. This is achieved by the
action of H. Since the mass M only depends on the charges {P", Qg} and the three B?,
and all these are left invariant by H , the mass will remain marginal along all the moduli
space in the D0-D6 system. Actually, using U-duality, we can extend this marginality claim
on the DO — D4 side even for non-equal B-fields.

6. Discussion

In this paper we presented constructions of the extremal non-BPS black holes in the STU-
model along with their embeddings into the N' = 8 and N’ = 4 supergravity theories. In
addition to our detailed formulae, we highlight several qualitative lessons:

e The extremal mass formula for the non-BPS black holes is generally not related by
analytical continuation to the BPS mass formula. For generic charge vector and/or
generic moduli the mass formula differ qualitatively between the two branches. This
may indicate that analysis of the non-BPS black holes relying on analytical continu-
ation is misleading.

e The non-BPS charge configurations have a canonical split into four subparts, I' =
g+ 'y + 'y + I', realized via U-duality to the DO — D4 — D4 — D4 frame. In this
duality frame the non-BPS mass formula takes the form of a marginal bound state
of the subparts. This is quite different from the experience with BPS-black holes at
generic points in moduli space.
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e The flat directions previously noticed for non-BPS attractors extend to the whole
flow. This is due to the existence of a nontrivial subgroup H of the duality group
G which leaves non-BPS charge vectors invariant, while acting non-trivially on the
scalars in G/H.

We expect all these results to extend to all symmetric supergravity theories by extension
from the STU case. On the other hand, the flat directions we see are intricately tied to
the symmetries of our scalar manifold so we don’t expect to see such flat directions occur
naturally in non-symmetric A’ = 2 theories.

The marginality property of our non-BPS mass formula begs for an explanation. Such
an explanation might possibly be found by following up on the surprising observation in [
that the near horizon regions for our non-BPS black holes can be lifted to super-symmetric
five dimensional solutions, with ”supersymmetry without supersymmetry” as in 9, ().
In any case, an explanation is beyond the scope of this paper.

One might also wonder if the marginality property extends to non-BPS extremal black
holes (with or without wrapped D6-brane charge) in other N' = 2 theories, especially those
with cubic prepotentials. Finally, it would be interesting to know how the marginality
property survives o’ corrections to the action. In this context, it would be particularly
interesting to look at cases where I' is properly quantized but the subparts I, are not.
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A. Non-BPS D0-D4 with general moduli: derivation

We consider a non-BPS system with D0-brane charge )y < 0 and three D4-brane charges
P' > 0 for i = 1,2,3. In order to be sufficiently general we include arbitrary complex
moduli fields z; = x; —iy; (j = 1,2,3) at the outset.

The Lagrangian (2.14) for the analogue mechanics problem is:

3
Lo = (U’)2 + 1 Z [(%)T(%)} +e2U Van (A1)
i=1 g

where the potential Vg in the case of the STU-model is:

21 P3xizo+ P2xix3+ Plase 3 e
Ven (i, yi) = “ + == - = vivays Y (P y;*  (A2)

i=1

1
0 + =
2 y1y293 Y1Y2Y3 2

w

1 A
+ (P3z129+ P?xy23+Plagas)’+ Z (yi)?(PFa;+Piag)? ||
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Inspired by [[d] we introduce the rescaled field parameters and variables (s;jx = |€;jx]):
0. P
M2 =2+\/—QuP'P2P3 R; = 1Q7° (A.3)
jsijkP]Pk
xT; — Ri ti y Y = Ri e¢i . (A4)

In terms of these, the black hole potential Vg simplifies to:

2
M2
Veu(ti, ¢i) = TO e 2t | (62(¢i+¢f)+(ti+tj)2 e2¢k) + 14D ity
i<j k#i,j i<j
(A.5)
The equations of motion are:
U" = eV Vi, (A.6)
(t) 20y = g0 B, (A7)
ot;
() e = 2 —8;/;? : (A.8)
and the constraint equation (2.16) is:
1 .
(U + 720|807 + (1) 7] = e Viu. (A.9)

Yet another set of field variables {3, a;} (i=1,2,3) will help us to disentangle the
coupled differential equations ([A.6)—(A.9):

1
a; =U+ §¢z 4 —2¢; = 0+ ZO&j —4a;, (A.10)
J
1
5:U-§Z¢i o 4U:ﬁ+Zaj. (A.11)
7 J
The dynamical equations now become:

1
Oc;/ + §(t;)2 e 20 — o2U <VBH + Wﬂ) , (A.12)

1 _ A%
ﬂ” _ 5 Z(t;)z e 20 — 2U (VBH _ Z a;:f) , (A.13)

S <2+ (9 + e -y = -2 (v + D) g
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as well as ([A.7). For the potential (A.§) we have:

Vi M2 .y . | .
Van + WiH = et [(ti +;) + 2 + e2¢f] , Lj#k,  (Al5)
Ve Mg _s 4 ’
Ve — ) 0o e Z O Yt )P 214 ) ity ) |, (AL6)
k i,j#k 1<j
OVBu Mg s 4 ’ 65
Vit + ) e —re Z (14D hity ) = PO (A-17)
k 1<J i<j

The dynamical equations still appear very complicated at this point but they are in fact
integrable. It would be interesting to explore the structure that makes this possible but
we will be content with simply finding the solutions, proceeding as follows [[i(]. Suppose
we could find solutions «; satisfying:

M2
a/] _ 7062041- |:62(ak—aj) _i_eZ(aj—ak)} 7 27&] 7& k?,

(2

D l@)? =2af]+ ) (af —aj) = —Mg Y ot (A.18)

i i<j i£jtk

If this is possible then (A.12)) reduces to:

ti=E£Mo (tj + ) XN jFE kA, (A.19)
and ([A.14) reduces to:
ﬂ/ = +M, A1 + Z tit; | . (A.20)
1<j

One can check that (A.19) and ([A-20) ensure that the remaining equations (A.13) and ([A.7)
are satisfied, provided we take the same sign in both equations. It is therefore sufficient to
solve (A.1§)—([A.20).

The first equation in ([A.1§) can be reorganized as:

(a1 + g — az)"’ = M2e2@1+a2=a3) - (and cyclic permutations) (A.21)

which is readily integrated as:

~

e~(@tar—ai) — g 4 Mor = h;, (and cyclic permutations) (A.22)

where a; is a positive integration constant. One can check that this solution automatically
satisfies the second equation in ([A.1§).

Inserting the solution ([A.22) for a; in the moduli equations ([A.19) we find:

B
t; = £Mo (t; + tx) z ;L , (and cyclic permutations) . (A.23)
i
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It turns out that only the upper sign leads to regular solutions. For the lower sign we have

the solution:
ti = < , (and cyclic permutations) . (A.24)
h; hy,

where c¢ is a new integration constant.
We are finally left to integrate (JA.2() which now takes the form:

2 1 1 1
BI = —Moeﬁ (1 + % <A— + — + T>> . (A25)
hl h2 h3 hl h2 h3
We find:
2 " c?
eiﬁ = (ao + M()T) ——=—hy— —5 . (A26)
hl h2 h3 hl h2 h3

Here aq is yet another integration constant which must be chosen sufficiently positive so
that e > 0 for all 0 < 7 < oo0.

We have thus found a solution in terms of four functions hy (A =0,1,2,3) that are
linear in 7 or, equivalently, harmonic on a spatial slice of the black hole. There are five
integration constants c,ap. We transform to a more natural set of harmonic functions by
asking that each one has a 7-dependence proportional to the corresponding dressed charge:

5 My -~ My

ho = ——— Hp, h; = —

0 QO 0 ) pi

If we use these new harmonic functions along with the changes of variables (A.3)—(R.4)
and (A.10)-(A11) we can present the solution in terms of the physical warp factor:

H . (A.27)

e~4U — —?Lo h1 hs fbs —c® =4H H'H*H? - &, (A.28)

and the complex moduli fields:

2U _ s ,—2U
ey (A.29)
isijkhj hy, Siijj H

c—1e”

Zi =

We can now match the asymptotic conditions at infinity, ¢ — B — i and €2V — 1, by
choosing ¢ = B and taking the other constants to be:

V2Qo

This completely specifies our seed solution.

(1+B2) s a; =

apg = (A.30)
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